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The diagonal shear failure of reinforced concrete beams is a classical yet formidable problem that has not been resolved to complete satisfaction despite several decades of study.I.J7 Although the design formulas for diagonal shear have been gradually improved, they still exhibit large errors that are in fact much greater than the random errors in the measurements of strength or of fracture energy. So there is clearly room for further improvement.
Until recently, the formulas proposed for diagonal shear failure were either purely empirical or based on plastic limit analysis. A new viewpoint was introduced in 1981 by Reinhardt, lH.J9 who suggested that the design formula be based on linear elastic fracture mechanics and substantiated his suggestion by certain test results. Subsequently, it was established 40 .41 that the size effect implied by linear elastic fracture mechanics is too strong in the case of concrete, and that brittle failures of concrete structures are better described by nonlinear fracture mechanics, which is based on the existence of a large cracking zone at the fracture front and yields a considerably weaker size effect.
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At the same time, a simple approximate size-effect law for brittle failures due to fractures that are blunted by a zone of distributed cracking was derived 41 -44 and shown to be approximately applicable to various brittle failures of concrete structures, including the present problem of diagonal shear failure in both nonprestressed 45 and prestressed beams,46 the punching shear failure of slabs," the ring and beam failures of unrein forced pipes: 8 and torsional failures of longitudinally reinforced beams. 49 .5o A formula for diagonal shear failure of beams without stirrups, incorporating the size-effect law, was developed 45 and shown to offer significantly reduced errors in comparison to the existing formulas of ACpl or CEB-FIP,52 which were developed on the basis of crack initiation rather than failure.
The purpose of the present study is to: (1) improve the previously proposed formula based on the size-effect law by incorporating, in addition to the effect of relative beam size, the effect of aggregate size; (2) recalibrating the formula with a larger data base, encompassing essentially all the adequately documented test results that can be found in the literature; and (3) extending the formula to beams with stirrups.
PREVIOUS FORMULA INCORPORATING THE
SIZE-EFFECT LAW In a previous paper,. 5 Bazant and Kim derived and justified by existing test data the following formulas for the diagonal shear failure of beams with longitudinal reinforcement but without stirrups [ Fig. l 
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where Vc = V/bd = nominal shear strength at failure kit Ao = empirical constants (k l = 10) dido Eq. (2) , which is quite similar to the formula currently used by ACI, has been derived by analyzing the arch action and the composite beam action, and summing their contributions. 4 The size effect is due to the release of strain energy from the beam into the cracking zone as the cracking zone extends; the larger the structure, the greater is the energy release. Eq. (1) expresses Bazant's size-effect law,42 which was derived by dimensional analysis and similitude arguments from two simplifying assumptions, namely that the energy loss due to cracking is a function of both the fracture length and of the area of the cracking zone assumed to have a constant width at its front, proportional to the maximum aggregate size. Although this size-effect law is approximate, it was shown to capture the basic trend correctly when geometrically similar specimens of different sizes, failing in a brittle manner, are considered.
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For very small structure sizes d, such that d/'Aod. <!i!: 1, Eq. (1) approaches the limiting case of plastic limit analysis, which is characterized by absence of the size effect. For very large structure sizes d, such that dl 'Aod. ~ 1, Eq. (1) approaches the limiting case of linear elastic fracture mechanics. For normal beam sizes, Eq.
(1) describes a smooth transition between these two limit cases.
Applicability of the size-effect law in Eq. (1) to sfructures that contain no notches is further contingent upon the assumption that the failure surfaces (cracks) in beams of various sizes are geometrically similar, and that the failure occurs when the front of the final crack reaches approximately the same relative position within the beam regardless of the size. These assumptions appear to agree with experimentally observed behavior.
It should be mentioned that the most general size-effect law for geometrically similar structures or specimens may be described by an asymptotic series expansion presented in Reference 43. The approximate sizeeffect law in Eq. (1) is then found to represent the first two terms of this asymptotic series expansion. It has been also shown 45 ,53 that an improved size-effect law for blunt fracture can be obtained as Vc 
with ~ = dl'Aod., in which r is an empirical constant. In the course of the present study, however, it appeared that the existing test data for concrete, due to their scatter as well as limited range, are insufficient for determining r. The optimum values of r for the existing diagonal shear data for beams ranged from 0.75 to 1; the fits were about equally good for this entire range. Therefore, the value r = 1 has been adopted.
Eq. (1) and (2) involve no size effect of beam width. This means that the cracking is assumed to occur roughly simultaneously through the thickness rather than propagate across the thickness.
Fracture mechanics is not the only theory that yields a size effect. A competing theory is the statistical Weibull theory. Although both theories can describe the same size-effect data if their size range is rather limited, they have very different extrapolations to very large sizes. While Weibull theory is certainly applicable ACI Materials Journal I July-AuQust 1987 to brittle failures of structures that can be modeled as a chain of brittle suddenly failing elements, it is questionable to apply it to diagonal shear failure.
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There is no aspect in this problem that could be regarded as a failure of a one-dimensional chain of elements. The release of strain energy into a localized extending fracture front, which is the basis of fracture mechanics, has nothing to do with Weibull's assumptions. It has also been pointed out 44 that if the material parameters of the extreme value strength distribution underlying Wei bull theory are calibrated by typical test data for homogeneously stressed tensile specimens, and the same material parameters are then used for the cracking front zone, the statistical Weibull-type contribution to the size effect is found to be negligibly small, due to the fact that the volume of the frOlital cracking zone is rather small compared to the beam size.
In very large beams, significant size effect may also be caused by diffusion phenomena, such as conduction of hydration heat and diffusion of pore water. Larger beams heat up more, and they also lose moisture more slowly than small beams. For lack of information, the diffusion size effects must be ignored in the analysis of existing test data.
Eq. (1) and (2) were calibrated 45 by a set of 296 data points extracted from the literature. Unfortunately, most of these data were not obtained with the size effect in mind, and therefore, the conclusions for the size effect cannot be definite. Nevertheless, plotting the existing data in the proper variables, the existence of the size effect was clearly demonstrated and it was shown that the size effect did not disagree with the theoretical size-effect law [Eq. (1) ]. The scatter of the data was large, since it was necessary to include in the comparison data obtained in different laboratories, with different concretes and test beams that were not geometrically similar. This produces a scatter of the data that is large and obfuscates the precise trend with regard to the beam size.
As for comparisons with the existing formulas of ACpl and CEB-FIP ,52 the improvement achieved by Eq. (1) and (2) was significant; the standard deviation of the errors in Vu compared to the formula was found to be 128 psi for the ACI formula, 148 psi for the CEB-FIP formula, and 44.6 psi for Eq. (1) and (2) . On the other hand, the improvement over another previous excellent formula due to Zsuttyl8, 21 was negligible when the entire data set was considered. However, Zsutty's formula gives no size effect and the presence of the size effect is clearly verified by those scant data in which beams of significantly diffent sizes were included in the test series (see Fig. 5 of Reference 45).
PROPOSED GENERALIZED FORMULA
To cover the effect of maximum aggregate size d., Bazant 53 derived by fracture ,mechanics considerations the following generalization of Eq. (1)
where Co = empirical material constant having the dimension of length. By optimizing the fits of the test data described in the sequel, the optimum values of the empirical constants were found to be Co = 0.2 in., Ao = 25 and kl = 6. 5 Fig. l(b) , give at least some information on the size effect, although the size range of these data is relatively limited. These data, obtained by Walraven,28 Bhal, 19 Kani, 16 Leonhardt and Walther, 8 Rusch et aI., 10 Taylor,25 and Chana,30 are plotted in Fig. l(a) through  (d) .
The large scatter of these data is due principally to the fact that the tests were made in different laboratories, on different concretes, and on geometrically dissimilar beams. Consequently, the error involves not only the error of Eq. (3) but also the error of Eq. (2), which enters Eq. (3). Nevertheless, the cost of producing a sufficiently large data set in one laboratory, on the same concrete, and for geometrically similar beams, would be high. First, one should exploit the information already available, even though it was not obtained for the purpose of studying the size effect.
From Fig. l(a) through (c), it is clear that a significant size effect exists, since otherwise the trend of the data in these figures would have to be horizontal. Furthermore, it is clear that the size effect according to linear fracture mechanics, represented by the straight line of slope -Y2 in Fig. l(a) and (c), would be too strong. The size effect is intermediate between the strength or yield criterion (limit analysis) and linear elastic fracture mechanics. This corroborates the acceptability of the assumption of a blunted fracture front from which Eq. (1) is derived. The size-effect plot of the new formula in Fig. l(a) [with the corresponding linear regression according to Eq. (4) and (5) and Fig. l The linear regression plot of the same data, showing the effect of maximum aggregate size and based on Eq. (5), is presented in Fig. 2 . Despite the very large scat-ter, it is evident that, in addition to the effect of the relative beam size d/ do, there is also an effect of the maximum aggregate size. If there were none, the trend of the data in Fig. 2 would have to be horizontal. Fig. 3 (a) and (b) show comparison of the present formulas [Eq. (2) and (3)] with 461 test results that have been extracted from the literature. In addition to the data used in Fig. 1 , this large data set also includes the test results of Ahmad et al. 37 Bhal, 19 Taylor, 25 Taylor and Brewer, 7, 13 van den Berg,9 and Walraven. 28 Since the compilation of these data has been a rather tedious process (requiring correspondence with some of the authors to obtain various missing information), the complete set of 461 data points is listed numerically in Table 1 . This makes it possible to verify the present rules as well as to use these data for possible future improvements of the diagonal shear formula. 
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Since most of the data in the complete set of 461 data points in Fig. 3 do not cover the size effect, the effect of the relative beam size d/ do is not as conspicuous as in Fig. 1 , but from the size-effect plot in Fig. 3 (a) it is still clear that a size effect exists. . . 52 .g
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Vs represents the contribution of the yield forces in stirrups, and Vs represents the additional contribution due to concrete. For the contribution of stirrups, plastic limit analysis readily yields the expression Vs AJyv ( . ) fu smo: + coso:
where angle between the stirrups and the longitudinal axis of the beam
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Although it has been recognized that the presence of stirrups has some beneficial effect on the magnitude of v c ' this effect is neglected in the current code specifications, i.e., Vc is taken to be the same as in a beam with no stirrups. The assumption that the magnitude of Vc is unaffected by the presence of stirrups is more reason~ able when the design formula is based on the initial cracking. However, design on the basis of initial cracking appears to be insufficient because the ratio of the ultimate load to the initial cracking load decreases as the beam size increases, thus causing the safety margin against failure to be nonuniform. The ideal approach would be to use design criteria for both the ultimate load and the first cracking load. However, if only one of these two criteria should be used, then the failure load criterion is probably more reasonable from the safety viewpoint.
The reason that the stirrups enhance the strength contribution of concrete is probably due to several ef- If one looks up the derivation of the size-effect law in Reference 42, it transpires that redistribution of cracking over a wider area should manifest itself in an increase of coefficient An in Eq. (1) or (3) . Thus , from the viewpoint of the size effect, the proper way to model the influence of stirrups on the strength contribution of concrete appears to be an increase of coefficient An as a function of the stirrup-reinforcement ratio 268 Pv, as proposed by Palakas and Darwin. 29 For the sake of simplicity, we assume a linear dependence, realizing that the scatter of the test data makes it impossible to calibrate any more complicated dependence. So we may write (8) in which Po is an empirical coefficient indicating the stirrup reinforcement ratio Pv for which Ao is doubled compared to Ao for Pv = o.
The increase of concrete shear capacity described by coefficient P can be realized only if the relative shear span is not too small; roughly aid ~ 1.5. For smaller shear spans, the stirrups do not appear to develop their full yield capacity, as suggested by Zsutty.21 Therefore, the value of coefficient Po cannot be constant, but must change from 0 for aid < 1.5 to a finite value for larger shear spans. The transition should, of course, be expected to be smooth rather than abrupt, and a smooth formula is also preferable for certain numerical procedures or computer optimization of design. A simple empirical formula that gives a smooth transition from a zero value to a finite value is in which a o is an empirical constant and coefficients 2 and 5.6 have been approximately determined by optimization of data fits.
The available experimental evidence on the effect of Pv on Vc is shown in Fig. 4 , in which the ordinate is the ratio of the measured Vc to the value of Vc calculated for Pv ..... 00 ( or Ao ..... 00). The curve represents the trend according to Eq. (8) . Although the scatter is very large, the increasing trend is nevertheless clearly apparent. The effect of Pv is also evident from the regression in Fig. 5 . Fig. 5 shows the present formula. Although the data scatter is very large, the presence of the size effect in beams with stirrups is nevertheless evident. Fig. 6 shows, for beams with stirrups, a plot of the measured values of Vu versus the values calculated from the formulas. The plot in Fig. 6(c) is based on the presently proposed equations [Eq. (3) , ( 2), (6), (8), (9), and (7)], and for comparison Fig. 6(d) shows the plot obtained when the effect of the stirrups is omitted, i.e., 1/ Po = o. We see that by considering the effect of stirrups, the coefficient of variation of the deviations from the straight line is reduced from w := 0.156 to w := 0.141 for this set of 87 data points. The improvement due to considering the effect of stirrups on concrete ca- [also see Eq. (15) and (18) of Reference 36] . We see that the coefficients of variation of the vertical deviations from the straight line are for these two formulas 0.292 and 0.181, which is distinctly larger than the value for the presently proposed formula. Note also the increased separation of the 95 percent confidence limits. The same set of 87 data points is plotted in Fig. 7 to show the size effect, i.e., the dependence of Vc on the relative size dlda. Comparison with the proposed formulas is shown in Fig. 7(c) and (d) , and despite large scatter the presence of a downward trend representing a size effect is clearly visible. By contrast, the scatter in Fig. 7(a) for the ACI specification is so large that no size effect is easily detected. This means that it would make no sense to introduce the size effect into the ACI formula without improving the form of the existing formula itself, which was previously shown possible for beams without stirrups. 45 In all the preceding comparisons with tests, the formulas were made to represent the mean trend of the test data. The design formulas should, however, be introduced in such a manner that most of the test data are ACI Materials Journal I July-August 1987 on the safe side of the predicted values. This is achieved by mUltiplying the formula for the mean trend by a factor. According to the experimental evidence, a suitable adjustment is achieved by changing the value of kl in Eq. (2) from 6.5 to 4.5. The plot of the measured versus calculated values of the nominal shear strength Vu for beams with stirrups is shown (for the design formula with k, = 4.5) in Fig. 8 . In these plots, the majority of the test data should lie above the inclined straight line, and we see that this is well satisfied for Fig. 8(c) and (d) for the present formulas. However, for the existing ACI formula there are more data points falling significantly below this line, and also more data points high above the straight line -a case that represents overdesign. The formula is further extended to diagonal shear failure of reinforced concrete beams with stirrups. The generalization of the formula takes into account the fact that the presence of stirrups has a strengthening effect on the shear capacity of concrete. The degree of strengthening depends, however, on the shear span. The resulting formula is calibrated according to a set of 87 test results compiled from the literature. The results confirm that the size effect on the concrete shear strength still exists in the presence of stirrups, but it is milder than without stirrups.
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